EXPLICIT SECTIONS ON KUWATA'S ELLIPTIC SURFACES 



REMKE KLOOSTERMAN 

ABSTRACT. We give explicit generators for subgroups of finite index of the Mordell-Weil groups of several 
families of elliptic surfaces introduced by Masato Kuwata. 



1. Introduction 

In this article we assume that if is a field of characteristic 0. 

We introduce elliptic surfaces 7r„ : X n — > P 1 defined over K, for every integer n > 1. In the special 
case n = mod 2, the function field extension K(X n ) /K(P 1 ) is K(x, z, t) / K(t) where x 3 + ax + b — 
t n (z 3 + cz + d) = 0, for some a, t,c,de K. For every n > 1 the surface X n is birational to a base-change 
Xi x P i P 1 , where P 1 — > P 1 is an n-cyclic cover. 

Kuwata Q computed the rank of the Mordell-Weil groups MWfa) := MW-^(ni) of 7Tj, for i = 
1, . . . , 6, and he gave a strategy for computing a rank 12 subgroup of the rank 16 group MW(ttq). This 
strategy for finding generators of MW(ttq) is already mentioned in an email correspondence between 
Jasper Scholten and Masato Kuwata. We describe and extend their ideas in order to describe generators of 
the Mordell-Weil groups MW{~Ki) for i = 2, 3, 4 and 6. Most of the computations we use, can be found 
in the Maple worksheet 1 3 1. We indicate how one can find in special cases generators for the Mordell-Weil 
group of 7T5. Finally, in the case K = Q we discuss how large the part of the Mordell-Weil group consisting 
of Q-rational sections can be. 

For i < 6 the iri : Xi — > P 1 are elliptic K3 surfaces. There are very few examples of such surfaces 
where generators for the Mordell-Weil group have been found. 

2. Notation and results 

Fix two elliptic curves E and F, with j(E) ^ j(F). Let t:£xF^_ExFbethe automorphism 
sending (P, Q) — > (— P, —Q). The minimal desingularization of (E x F)/ (i) is a K3 surface which we 
denote by Y. It is called the Kummer surface of E x F. 

The surface Y possesses several elliptic fibrations. For a generic choice of E and F, all fibrations on Y 
are classified by Oguiso (| 8 1). Following Kuwata 1 5 1, we concentrate on a particular fibration -0 : Y — > P 1 
having two fibers of type IV* and 8 other irreducible singular fibers. Assume that the fibers of type 
IV* are over and oo. Let ir 6 : X 6 — > P 1 be the cyclic degree 3 base-change of ip ramified over 
and oo. Assume that E is given by y 2 = x 3 + ax + b and F is given by y 2 = x 3 + cx + d. Set 
B(t) = A(F)t + 864M + A(E) /t, with A(E) the discriminant of E, i.e., A(E) = - 16(4a 3 + 27b 2 ), and 
A(F) = -16(4c 3 + 27d 2 ). Then a Weierstrass equation for tt 6 is 

y 2 = x 3 - A8acx + B{f). 

Define Hi : Xi — > P 1 as the elliptic surface associated to the Weierstrass equation 

y 2 = x 3 -48acx + B(t l ). 

Clearly, interchanging the role of E and F corresponds to the automorphism 1 1— > 1/t on Xj. One has that 
^(""2) = j(V0> but X and Y are nof isomorphic as fibered surfaces. 

By construction, it is clear that MW(ir n ) can be regarded as a subgroup of MW(w nm ) for m > 1. 

We recall the following result from |5 1, most of which will be reproven in the course of Section[5] 

Date: 1st February 2008. 
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Theorem 2.1 (Kuwata, Theorem 4.1]). The surface is a K3 surface if and only ifi < 6. Set 

if E and F are not isogenous, 

1 if E and F are isogenous and E does not admit complex multiplication, 

2 if E and F are isogenous and E admits complex multiplication. 

Suppose j(E) ^ j{F), then 



rank MW(iTi) = < 
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In the case that j(E) — j(F) then the ranks of MW(iTi) tend to be lower (see |5 Theorem 4.1]). 
Kuwata in [5 1 restricts himself to the Xi with i < 6. We observe the following corollary of his results. 

Corollary 2.2. The rank of MW(tt§o) is at least 40 4- h. 

Proof. It can be easily seen that the rank 40 4- h group 

Mw(n)e MW{7r2) x MW{7r4) cd MW(7r5) cd MWM 

MW{-kx)® w(?ri) © MW{n2) © MWfa) ® MW(7r 2 y 

injects into MW{ir§o). (The summands correspond to different eigenspaces for the induced action of 

i^CeoionAiWKo).) " " □ 

Remark 2.3. The highest known Mordell-Weil rank for an elliptic surface tt : X — > P 1 , such that j(tt) is 
non-constant is 56, a result due to Stiller 1151 . The geometric genus of our example is very low compared 
to for example Stiller's examples: one can easily show that p g (Xeo) = 19, while Stiller's examples have 
p g + 1 divisible by 210. 

Our aim is to provide explicit equations for generators of MW{iti), for several small values of i, in 
terms of the parameters a, b, c, d of the two elliptic curves 

E : y 2 = x 3 + ax + b and F : y 2 — x 3 + cx + d. 

The main idea used in the sequel is the following. Let tt : S — > P 1 be a K3 surface. Let a be an 
automorphism of finite order of S, such that we have a commutative diagram 

S A S 

I TT i TT 

pi jr pl 

and the order of r equals the order of a. We obtain an elliptic surface ip ; S' := X/(a) — > P 1 / (r) = P 1 . 
In the case that S' is a rational surface, it is in principle possible to find explicit equations for generators of 
MW(i>). One can pull back sections of tp to sections of tt, which establishes MW(ip) as a subgroup of 
MW(tt). In the case that a is of even order then there exists a second elliptic surface, ip" : S" — > P 1 , such 
that MW(ip) © MW(ip") modulo torsion injects into MW (tt) modulo torsion. (This process is called 
twisting and is discussed in more detail in Section|3]) 

In Section 5] it is indicated how one can find generators for a rank 12 subgroup of MW(ttq) by 
using the above strategy for the involutions (x, y, t) i— > (x, y, —t), and [x, y, t) i— > (x, y, a/t), for some a 
satisfying a 3 = A(F)/A(E). Taking a third involution (x, y, t) i— > (x,y,a(,s/t) yields a rank 16 subgroup 
of MW(ttq), isomorphic to MW (ttq) / 'MW (ttx) . (This is discussed in more detail in the Subsections l5.3l 
and l5.6l ) In Subsection l5 ,6l we also describe the field of definition of sections generating MW(tt§) modulo 
MW(tt\). It turns out that our description corrects a mistake in Kuwata's description of the minimal field 
of definition. 

Results 2.4. On the Kuwata surfaces X% , X 2 , ■ ■ ■ , Xq one has several automorphisms such that the ob- 
tained quotients are rational surfaces. This is used in Section|5]to give the following results: 

• We give sufficient conditions on E, F and K to have a rank 1 or a rank 2 subgroup of MWk(tt). 



KUWATA'S SURFACES 



3 



• We give an indication how one can find explicit generators of MW (7r 2 ) / MW (tti) ■ The precise 
generators can be found in Q . 

• We give an indication how one obtains a degree 24 polynomial such that its zeroes determine a set 
of generators of MW(tt3)/MW(wi). The explicit polynomial can be found in |3 1. 

• We give explicit generators of a subgroup of finite index in MW MW {ir2) ■ (See Corol- 
laryEIll) 

• We give an indication how one obtains a degree 240 polynomial such that its zeroes determine a 
set of generators of MW (775) / MW (ni) . We did not manage to write down this polynomial. The 
degree of this polynomial and the number of variables is too high to write it down explicitly. For 
several choices of a, b, c, d it can be found in 0. 

• We give an algorithm for determining a set of generators of MW(ir & )/MW(ir 3 ). The explicit 
generators are given in Q . 

If E and F are not isogenous then MW(tti) — (see Theorem 12. 1> . If E and F are isogenous then 
the degree of the x-coordinate of a generator of MW("K\) seems to depend on the degree of the isogeny 
between E and F. This seems to give an obstruction for obtaining explicit formulas for all cases. 

Before providing the explicit equations, we mention the following result, which can be proven without 
knowing explicitly the generators of MWfa). 

Proposition 2.5. Suppose that E and F are defined over Q. One has that 



The total contribution 0/711, ^2, 773, 774, ttq to MWq(tti2) is bounded by 15. The maximum total contribu- 
tion ofiri, . . . ,7T6 to MWq(itqo) is bounded by 19. 

Proof. If rank MWq (%i ) equals 2 then the Shioda-Tate formula l3~4l implies that NS(X) has rank 20 and 
NS(X) is generated by divisors defined over Q. It is well-known that this is impossible (" 1131 1. 

Suppose that i > 2. Let S be the image of a section of m, such that S is not the strict transform of the 
pull back of a section of Wj, for some j dividing i, and j ^ i. It is easy to check that if we push forward S 
to Xi and then pull this divisor back to Xi, we obtain a divisor D consisting of i geometrically irreducible 
components, and one of these components is S. 

Set Mj := MW(nj). Set M ;= Mi/ J2j>o j\i j^i M r Take a minimal set of sections 5 m , m 

1 / . satisfying the following property: denote S m . n the components of the pull back of the push 

forward of S m , then the S m<n , with m = 1, . . . , I and n = generate M ® Q. Consider the tri- 

dimensional Q-vector space F of formal linear expression in the S m . n . By definition of the S n it follows 
that the natural map \p : F — > M <g> Q is surjective. Fix a generator a of the (birational) automorphism 
group of the rational map X{ — > X\. We can split F (8 C and Mj ® C into eigenspaces for the action 
of a. Set E^k C F <£> C the eigenspace for the eigenvalue Q. Set V' :— ®j\ gc d(i.j)=iE^ ■ Since the 
Sij form a minimal set, we have that that ^|y/ is injective. It is easy to see that if gcd(i, k) ^ 1 then the 
eigenspace E^h is contained in the kernel of vp, hence we obtain that is an isomorphism. This implies 
that dim V' — ip(i)t, where <p is the Euler (^-function. 

Fix m such that 1 < m < £. Let G be the subgroup of MW(iti) generated by the S m . n for n = 1, . . . i. 
There is a faithful action of the Galois group Gal(Q(£j)/Q) on G. This implies that the sections defined 
over Q form a rank at most 1 subgroup of G (if i is odd) or a rank at most two subgroup of G (if i is even). 
From this one obtains that 



has rank at most £ (when i is odd) or 21 (when i is even). This combined with Proposition 12. 1 1 provides 
the upper bounds for MWd(iTi) for i = 2,3, 5, 6. The upper bound for MWq(tt4,) follows from the fact 
that the above mentioned Galois action is non-trivial, hence for each i there is an element g in G not fixed 
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rank MWq (tt^ < < 
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under the action of Gal(Q(£j)/Q) and g is not mapped to in M, One easily obtains from this that Mq 
has co-rank at least I in M, which gives the case i = 4. 

The final assertions follow from a reasoning as in the proof of Corollary 12. 21 □ 

For some of the 71", the bounds in Proposition ^. 5l are sharp, for some of the others we do not know: 

• We have rank M Wq (tti ) = 1 when E and F are isogenous over Q. (see !5. II ) 

• We have that rank MWq(tt2) > 4 if and only if E and F have complete two-torsion over Q, and, 
moreover, if E and F are isogenous then rank-MWcj^) = 5. (see l5.2l ) 

• There exists E and F such that rankA/Wq^) > 8. fseel5.4D 

• There exists E and F such that rank MWq^q) > 6. 

• If one can find a rational solution of uv 2 (u 4 — l)(v A — l) 2 = w 3 , satisfying 

- w(u — v) ^ and 

- if pi = 4u 2 /{u 2 - 1) andp 2 = 4v 2 /{v 2 - 1) then Pl £ {p 2 , l/p 2 , 1 -p 2 , 1 - l/p 2 ,P2/(l - 

P2), 1/(1 -Pa)}, 
then one can make examples with rank MVPq (7^2) > 10. (see 15. 61 ) 

Remark 2.6. The highest known rank over Q for an elliptic surface ir : X — » P 1 over Q is 14 |2|. This 
example is a member of a family of elliptic surface introduced by Mestre |6 1. 

The actual aim of this article is to produce explicit equations for the generators of MW{~Ki) modulo 
MW{tt\), for i = 2, ... ,6. For convenience, we always assume that E and F have complete 2-torsion 
over the base field. It is not so hard to deduce from our results, these equations for the case that E and F 
have 2-torsion points defined over a larger field. 

The organization of this paper is as follows. In Section [5] we recall some standard definitions. In 
Section|4]we indicate an algorithm for finding generators of MW(tt) in the case that of a rational elliptic 
surface ir : X — > P 1 with an additive fiber. In Section [5] we prove the results stated in 12.41 To find 
generators for the MW(ni) we often rely on the results of Section[4] 

3. Definitions 

Definition 3.1. An elliptic surface is a triple (ir, X, C) with X a surface, C a curve, 7r is a morphism 
X — > C, such that almost all fibers are irreducible genus 1 curves and X is relatively minimal, i.e., no fiber 
of 7r contains an irreducible rational curve D with D 2 = — 1. 

We denote by j(jr) : C — > P 1 the rational function such that j(jr)(P) equals the j-invariant of tt^ 1 (P), 
whenever tt^ 1 {P) is non-singular. 

A Jacobian elliptic surface is an elliptic surface together with a section Co : C — > X to -k. The set of 
sections of 7r is an abelian group, with oo as the identity element. Denote this group by MW(w). 

Let NS(X) be the group of divisors on X modulo algebraic equivalence, called the Neron-Severi group 
of X. Let p(X) denote the rank of the Neron-Severi group of X. We call p(X) the Picard number. 

Definition 3.2. Let X be a surface, let C and C\ be curves. Let ip : X — > C and / : C\ — * C be 
two morphisms. Then we denote by AT Xp C\ the smooth, relatively minimal model of the ordinary fiber 
product of X and C\ . 

Remark 3.3. If P is a point on C, such that 7r" 1 (P) is singular then j(w)(P) and v p (A p ) behave as in 
TableQ] For proofs of these facts see Q p. 150], O Theorem IV.8.2] or Q Lecture 1]. 

Recall the following theorem. 

Theorem 3.4 (Shioda-Tate (| 12 Theorem 1.3 & Corollary 5.3])). Let ir : X — > C be a Jacobian elliptic 
surface, such that 7r has at least one singular fiber. Then the Neron-Severi group of X is generated by 
the classes of cto(C), a non-singular fiber, the components of the singular fibers not intersecting <jq(C), 
and the generators of the Mordell-Weil group. Moreover, let S be the set of points P such that tt^ 1 (P) is 
singular. Let m(P) be the number of irreducible components ofTT^ 1 (P), then 

p(X) = 2 + {m{P) - 1) + rank(iWW(7r)) 
Pes 

The following result will be used several times. It is a direct consequence of the Shioda-Tate formula. 
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Kodaira type of fiber over P 


jM(p) 


number of components 


IS 


7^ oo 


1 


iu > o) 


oo 


v + 1 


il {y > o) 


oo 


v + b 


// 
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IV 





3 


IV* 





7 


II* 





9 


III 


1728 


2 


III* 


1728 


8 



Table 1. Classification of singular fibers 



Theorem 3.5 (| 12 Theorem 10.3]). Let tt : X — > P 1 be a rational Jacobian elliptic surface, then the 
rank of the Mordell-Weil group is 8 minus the number of irreducible components of singular fibers not 
intersecting the identity component. 

Definition 3.6. Suppose tt : X — > C is an elliptic surface. Denote by T(ir) the subgroup of the Neron- 
Severi group of Jac(7r) generated by the classes of the fiber, o~q{C) and the components of the singular 
fibers not intersecting oq(C). Let ptr(^) '■= rankT(7r). We call T(ir) the trivial part of the Neron-Severi 
group of Jac(7r). 

Given a Jacobian elliptic surface tt : X — > C over a field K, we can associate an elliptic curve in P#r(c) 
corresponding to the generic fiber of tt. This induces a bijection on isomorphism classes of Jacobian elliptic 
surfaces and elliptic curves over K(C). 

Two elliptic curves E\ and E2 are isomorphic over K (C) if and only if j(Ei) = j '(E2) and the quotients 
of the minimal discriminants of Ei/K{C) and E 2 /K{C) is a 12-th power (in K(C)*~). 

Assume that Ei, E2 are elliptic curves over K(C) with j{E{) = j(E2) 7^ 0, 1728. Then one shows 
easily that A(_Ei)/A(_E 2 ) equals u 6 , with u e K{C)*. Hence E\ and E 2 are isomorphic over K(C)(^/u). 
We call E2 the twist of E\ by u, denoted by e[ u ^ . Actually, we are not interested in the function u, but in 
the places at which the valuation of u is odd. 

Definition 3.7. Let tt : X — > C be a Jacobian elliptic surface. Fix 2n points Pj 6 C(C). Let E/C(C) be 
the Weierstrass model of the generic fiber of tt. 

A Jacobian elliptic surface tt' : X' — * C is called a (quadratic) twist of tt by (Pi, . . . ,P n ) if the 
Weierstrass model of the generic fiber of tt' is isomorphic to E^ \ where E^ denotes the quadratic twist 
of E by / in the above mentioned sense and / e C(C) is a function such that vp i (f) = 1 mod 2 and 
v Q (f) = mod 2 for all Q £ {R t }. 

The existence of a twist of tt by (Pi , . . . , Pz n ) follows directly from the fact that Pic°(C) is 2-divisible. 
If we fix 2n points Pi, . . . P^n then there exist precisely 2 2s ( c ) twists by (Pi)f"i- 
If P is one of the 2n distinguished points, then the fiber of P changes in the following way (see |7J 
V.4]). 

I v ^I* v {v> 0) II ^ IV* III <-> III* IV <-> II* 

Let tt : X — > C be a Jacobian elliptic surface, Pi,... Pin <= C points. Let tt : X — > C be a twist by the 
Pi. Let ip : C\ — > C be a double cover ramified at the P,, such that the minimal models of base-changing 
ip and (p. by tt are isomorphic. Denote this model by tti : Xi —> C\. 

Recall that 

(1) Ta,nk{MW(ni)) = rank(AiW(7r)) + r&nk(MW {tt)) . 

Moreover, the singular fibers change as follows 



Fiber of tt at Pi 


horl* II or IV* III or III* IV or II* 


Fiber of tt\ at (p^ 1 (Pi) 


hu iv is iv* 
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4. Finding sections on a rational elliptic surface with an additive fiber 

Fix a field K of characteristic and a rational elliptic surface tt : X — > P 1 over K. Such a surface can 
be represented by a Weierstrass equation 

(2) y 2 = x 3 + (a 4 i 4 + a 3 t 3 + a 2 t 2 + a x t + a )x + fct 6 + (3 5 t 5 + /3 4 i 4 + I3 3 t 3 + (3 2 t 2 + Pit + /3 , 

with oii, f3j £ K. Assume that over t = oo the fiber is singular and of additive type. This happens if and 
only if c*4 = /3 6 = 0. 

From |9 Theorem 2.5] we know that MW(tt) is generated by sections of the form 

(3) x = b 2 t 2 + bit + b ,y = c 3 t 3 + c 2 t 2 + c x t + c . 
Substituting (O in <0 and using — (3$ — yields that 

r 2 - h 3 

Set c 3 — p 3 ,b 2 — p\. First we search for solutions with pi ^ 0. The equation for the coefficient of t 5 is 
an equation of the from p\ c 2 + f with / a polynomial in pi,b±, at, (3j. Hence we can express c 2 in terms 
of the pi, b x , ai, 0j. Similarly, we can express c x and Co in terms of p x ,bk,Oii, 0j. One easily shows that if 
this procedure fails, then pi = 0. 

Unfortunately, the three remaining equations F m = in bi, bo,p x , 04, j3j are not linear in any of the 
variables, but the degree of the Fi in 61, &o,Pi is sufficiently low to compute the resultant 

R(p x ) := res bl {res bo {Fi 7 F 3 ),res bo (F 2 ,F 3 )) 

in concrete examples (i.e., after substituting constants for the a i; f3j). Calculating R(p x ) and finding zeroes 
of it gives all possibilities for p x . Substituting such a value of pi in res(Fi, F 3 , bo) and in res(i 7 2, F 3 , bo) 
yields two polynomials in b x . Calculating the g.c.d. of these polynomials gives a list of possible values for 
bi. Then substituting all possibilities for (p x , bo) in F X ,F 2 , F 3 gives all possibilities forpi, bo, b x . 

Consider the case p x = 0, hence c 3 = b 2 = 0. The coefficient of t 5 is zero if and only if 05 = 0. If this 
is the case then the coefficient of t A is of the form — c| + (3 3 b\ + 04. 

If j3 3 7^ 0, then one eliminates b x ,bo, Co as is done above, yielding two polynomial equation in two 
unknowns. In this case it suffices to compute only one resultant. 

If (3 3 = then we can substitute c 2 = ±^04. The coefficient of t 3 is of the form — 2^J~6tic\ + /, with 
/ a polynomial in cq, ai, ftj, yfal. We can solve c x and obtain — 2^/alco + g as a coefficient for t 3 , where 
g is a polynomial in co , a,: , (3j , ^fai. 

This fails when ct4 = 0. In that case c 2 = 0, and one has four polynomial relations in 6o, Co, c x , b x . We 
can eliminate c x as above, yielding three polynomial relations in three unknowns which can be solved as 
above. In this way we find all possible sections of the form l|3}- 

Top 1 16 Section 5] discusses the following elliptic surface: 

Theorem 4.1. Let tt : X — + P 1 be the elliptic surface 

y 2 = x 3 + 108(27t 4 - 74i 3 + 84i 2 - 48t + 12). 
Then MWq (tt) has rank 3 and is generated by sections <7i with x-coordinates 

x(a x ) = 6t, x{<7 2 ) = 6t - 8, x(a 3 ) = -12t + 9. 

and fix a primitive cube root of unity U). Let n be obtained from ai by multiplying the x-coordinate with uj. 
Then the <Xj and Ti generate a subgroup of finite index of MW(n). 

Top found the sections ±a x , ±0-2, ±Tt and ±t 2 ; an explicit description of the third independent section 
a 3 seems not to be present in the literature. 

Proof. The elliptic surface tt : X — ► P 1 has 4 fibers of type 77 and at t — 00 a fiber of type IV. From this 
it follows that MW (tt) has rank 6. Top 1 16, Section 5] observes that the Mordell-Weil group is generated 
by a subset of the 18 sections of the form (ojXi, ±j/j), i — 1,2,3, with lj 3 = 1 and Xi is a polynomial of 
degree 1. 

The form of the generators imply that, in terms of the above discussion, we are looking for sections with 
Pi = 0. After eliminating all the c, and bj, except for b x , we obtain a polynomial of degree 27. It can be 
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factored as the product of (b\ — 6) 2 (b\ + 12) times 12 polynomials of degree 2, where all the degree 2 
factors have discriminant —3. 

This implies that x — 6t, x = 6t — 8 and x = — 12t + 9 are the only x-coordinates of degree 1 defined 
over Q. These sections are disjoint from the zero-section, and intersect at t = oo the singular fiber in the 
non-identity component. One can choose the ^-coordinates of the three sections in such a way that the third 
sections is disjoint from the first two. This implies that the height pairing (see 1121 Definition 8.5]) yields 
the following intersection matrix 

4/3 2/3 2/3 \ 
2/3 4/3 2/3 . 
2/3 2/3 4/3 / 

The determinant of this matrix is non-zero. This implies that these three sections generate a rank 3 subgroup 
G x , andd = MWq(tt). 

Multiplying the x-coordinates with a cube root of unity will yield another rank 3 subgroup G-2 corre- 
sponding to a different eigenspace of the action of complex multiplication hence G\ G2 generate a rank 
6 subgroup of the Mordell-Weil group. □ 

5. Explicit formulas 

Fix a field K of characteristic 0. Let E : y 2 = x 3 + ax + b and F : y 2 = x 3 + cx + d be elliptic curves, 
with complete two-torsion over K. Assume that E and F have distinct j-invariant. Fix A, fi, v and £ such 
that E is isomorphic to y 2 — x(x — X)(x — //) and F is isomorphic to y 2 — x(x — v){x — £). Then we 
may assume that 

a = i(A/i - A 2 - fj 2 ), b = ^(3AMA + n) - 2(A 3 + ^ 3 )), 

and similar equations for c and d. 

The Kummer surface Y is birational to the surface S C A 3 given by (x 3, + ax + b)t 2 = z 3 + cz + d, 
and the fibration ip : Y — > P 1 is corresponds to the map (x, z, t) 1— ► t. 

Lemma 5.1. The groups MW(jti), i > 1 are torsion-free. 

Proof. Kuwata 1 5 Theorem 4.1] shows that ire has smooth fibers over t = , 00 and only singular fibers of 
type Ii or //. Hence the same holds for n^i- This fact together with |7 Corollary VII. 3.1] implies that the 
group MW(7T6i) is torsion-free. Since MW(iTi) is a subgroup of MW(iTQi) it is also torsion-free. □ 

We now discuss how to find explicit formulas for generators of MWfa), i — 1, ... 6. 

5.1. 7Ti : Xi — * P 1 . It is not easy to find explicit equations for sections on 7Ti, since there are infinitely 
many cases, depending on the minimal degree of an isogeny E — > F. Instead we give a sufficient condition 
to have rank 1 or 2 over K. 

Lemma 5.2. The group MWk{^\) has rank at most 2. 

* If E and F are isogenous over K then MWk(^i) has positive rank. 

* If E and F are isogenous over K and E admit complex multiplication then 
MWk(tti) has rank 2. 

• If MWk(tti) has positive rank then there exists a degree at most two extension L/K such that E 
and F are isogenous. 

• if M Wk{^i) has rank 2 then there exists a degree at most two extension L' J L such that E admits 
complex multiplication over L' . 

Proof. Since E and F have complete two torsion it follows that rank MWk (ti) = r if and only if 
18 + r = TB,nkNS K {X 2 ) = rank NSx(Y), with Y the Kummer surface of E and F. 

It is easy to see that if E and F satisfy the first, resp., second assumption then the rank of NSk(Y) is 
at least 19, resp., 20. 

If NSk{Y) > 19 then E and F are isogenous over some extension of K. Let T be the graph of the 
isogeny. Then the push-forward of V on Y is Galois-invariant. This implies that ([—1] x [— 1])*T + V is 
Galois-invariant. From this it follows that E and F are isogenous over a degree 2 extension. 

If NSk (Y) = 20 then E and F are isogenous over some extension of K and E has potential complex 
multiplication. Let T be the graph of an isogeny, let V be the graph of the isogeny composed with complex 
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multiplication. Then the push-forward of both T and T' are Galois-invariant. As above, this implies that E 
admits complex multiplication over a degree 2 extension of L. □ 

Remark 5.3. Suppose E and F are elliptic curves, not isogenous over K, but isogenous over a degree 2 
extension L/K. Suppose that End(F) = Z. Let ip : E — > F be an isogeny defined over L. It is an easy 
exercise to show that the divisor 

D := {(P, ££}U {(P, -<^(P)) | P S F} C F x P 

is invariant under the action of Gal(L/K ). Hence the push-forward of D onto the Kummer is invariant 
under the action of Gal(F/F). The argument used in the above proof gives that MWk (""i) has rank at 
least 1, while E and F are not isogenous over K. 

5.2. 7r 2 : X 2 — > P 1 . Since MW(ir 2 ) is torsion-free, we have that ./WW^) MW(7Ti) is of finite index 
in MW(iT2), where tt[ : X[ — > P 1 is the twist of 7Ti at and oo. 

One can easily show that MW(tt[) C MW(tt' 3 ), where ir' 3 is the twist of ir^ at an oo. Since MW(tt' 3 ) 
can be considered in a natural way as a subgroup of MW(itq), we refer to that subsection for a discussion 
of the results. The explicit equations for generators of MW(n 2 ) are given in |3|. If we drop for a moment 
the condition that E and F have complete 2-torsion over K, the we can use the result in |3) to prove that 
MWk (tTi ) has rank 4 if and only if E and F have complete two-torsion over K. 

5.3. 7T3 : X% — > P 1 . A Weierstrass equation for tt3 is 

y 2 = .t 3 - 48acx + (A(F)t 3 + 864M + A(F)i~ 3 ). 

Setting s = (t + oti/t), with a 3 = A(P)/A(P) and i = 1,2, 3, will give an equation for the rational 
elliptic surface tpi : Si — > P 1 , given by 

t/ 2 = x 3 - 48aca; - A(P)(s 3 - 3a,s) + 864M. 

This surface has a fiber of type Iq at s = 00. For each choice of en we obtain an isomorphic surface over 
K((s), but the pullback of the sections to ir^ depends on the choice of ac 

Lemma 5.4. For i ^ j we have MW(ipi) n MW(tpj) = {a }, where MW(ipi) and MW(tpj) are 
considered as subgroups of MW{tt^). 

Proof. Without loss of generality, we may assume that i = 1 and j — 2. Set L := K((3,ai). Let 
G C Aut(L(<)) be generated by ipi : t ^ ct\jt and ip 2 '■ t 1— * CixCg/t. From ^1 o (p 2 : t 1— * ^^3 it follow 
that #G > 6. Set s' = t 3 + af /t 3 . Then s' is fixed under G. We have the following inequalities 

6 < #G = [L(t) G : L(t)} < [L(s') : L(t)} = 6. 

These inequalities give that L(t) G = L(s'). This implies that a section in MW(i/ji) n MW(ipj) is the pull 
back of a section of the elliptic surface i// with Weierstrass equation 

y 2 = x 3 - A&acx - A(F)s' + 8646d. 

This is an equation of rational elliptic surface with a II* -fiber. In this case the Shioda-Tate formula l3~4l 
implies that MW(ip') has rank 0. Since MW(ip') is a subgroup of the torsion-free group MW{tt^) (see 
LemmarO it follows that #MW(ip') = 1. " □ 

Lemma 5.5. We have that rankMW(^) = 4. 

Proof. From the equation of ipi one easily sees that it a rational elliptic surface, with a fiber of type Iq 
over s = 00, and no other reducible singular fibers. Hence the Shioda-Tate formula l3~4l implies that 

rank MW(ipi) = 4. ' □ 

Lemma 5.6. Fori ^ j we have (MW^i) © MW(ipj)) n MW(tti) = {<ro}> considered as subgroups of 
MW(ir 3 ). 

Proof. From Lemma l5H and Lemma|53]it follows that MW(tpi) MW(ipj) injects into MW r (7r 3 ). 
Consider the vector spaces V = (MW(ipi) ®MW{ipj)) <g> C and = MT¥(7Ti)ig)C. The automorphism 
ct : (x, y, t) i — > (x, y, Cat) induces a trivial action on VF. We now prove that <r maps V to itself and all 
eigenvalues of this action are different from 1 . 
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Assume for the moment that A, fj,, v and £ are algebraically independent over Q. This defines a Kuwata 
elliptic surface 



and, similarly, 



* fc : S k - Pi 



Since MW(Ui) = 0, and MW(*i) © Mf(fj) has rank 8, it follows that a lift a of a acts on 
V := Mff(fj) © MW(%), hence cr acts on V. If a would have an eigenvalue 1 on V, then MW{Ui) 
would be non-trivial. Hence also a acts without eigenvalue 1. This implies that V n W — 0, yielding the 
lemma. □ 

From the Lemmas |5 .41 15 ,5l and l5 .61 and Theorem l2.1l it follows that for i ^ j we have that Mlf(^) © 
MW(^j) generates a subgroup of finite index in MW(tt 3 )/MW(tti). Hence if one wants to describe the 
Galois representation on MW(tts) /MW{-k\ ) it suffices to describe the Galois representation on MW(4>i). 

Since tpi : Si — > P 1 are rational elliptic surfaces with an additive fiber at s = oo we can apply Section|4] 
to calculate expressions for the generators. The relevant formulae for this may be found in Q. 

5.4. 7T4 : X4 — > P 1 . Let n' 2 : X' 2 — > P 1 be the twist of tt2 by the points and 00. The results of Section|3] 
imply that the group MW(n2) © MW(ir' 2 ) is of finite index in MW(tt4,). Since the fibers over and 00 
of 7T2 are of type IV* and all other fibers are of type I\ or II, it follows from the results mentioned in 
Section |3] that n' 2 has only fibers of type II or ly. Moreover, ir' 2 : X' 2 — > P 1 defines a rational elliptic 
surface, hence rank MW(ir' 2 ) = 8. 

Lemma 5.7. Let it : X — > P 1 be a Jacobian elliptic surface such that all singular fibers are irreducible. 
Let Z := ao(P 1 ). Let S be the image of a section a : P 1 — > X. Denote S n the image of (na) : P 1 — > X. 
Then the equality (S n ■ Z) = (S m ■ Z) holds if and only if n = ±m. 

Proof Let (•, •) denote the height paring on MW(n) (see O Definition 8.5]). In this case (T,T) = 
2(T • Z) - 2x(X), hence 

2(S n ■ Z) - 2 X (X) = (S n ,S n ) = {nSi t nSi) = n 2 {Si,Si) = 2n 2 (S 1 ■ Z) - 2n 2 X (X). 

It follows that (S n ■ Z) = n 2 ((S ■ Z) - x(X)) + x(X), which yields the lemma. □ 

Assume, for the moment, that A, fi, v and £ are algebraically independent over Q(i). We can consider 
the elliptic surface ir' 2 as an elliptic curve A over K' := Q(A, fi, v, £, t). 
Then on A we have that 

■ - + o - ^ + <•> +«^) + 2M± ^m^ t 

is a ^-coordinate of a point Pi, hence giving rise to 2 different points on A (see (3|)- If we plug this 
x-coordinate in the equation for A, then 

y 2 = 2(^+^^)(V\ + ^JI)h(t) 2 

for some h € Q(t, \/A, y/JI, yf, — (see 0). 

Using Pi we now show how to find points P\, ...Ps, such that if we specialize, the Pi generate 
MW(tt' 2 ). Let P2 be a section such that x(P<2) is obtained from 2 (Pi) by replacing J~fi by —-JJi. (The 
existence follows from the fact that the map ^//Z 1— > — ^//I fixes the equation of n' 2 .) 

Lemma 5.8. The points P\ and P 2 are independent in A(K). 

Proof. Since 2 (Pi) ^ x (Pz) it follows that Pi 7^ ±P2. Hence the sections Si and S2 on tt' 2 satisfy 
(Si ■ Z) = (S2 ■ Z) and Si 7^ ±62. It follows from Lemma l5~7l that Si and S2 generate a subgroup of 
MW(tt' 2 ) of rank 2, hence Pi and P2 are independent. □ 

Note that we have Pi e A(K + ) and P 2 S where 



K± :=K'(VX, y/Ji, v 7 !, v / ^,V 2 (v / !+ V / T 7 ^)(v / M±v / A)) 
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The automorphism a of K' , fixing Q and further given by 

(t, A,/x,z/,£) h-> ^,v,^,X,p 

is an automorphism of A, (i.e., swapping E and F, and applying the P 1 -automorphism t i— > 1/i). This 
yields to different points P3 := ct(Pl), -P4 := c(P2) on A. 

Lemma 5.9. The points Pi, ... P4 generate a rank 4 subgroup of A{K). 

Proof. The points P3 and P4 are not in A(K+K-), but are contained in A(K' ± ), where 



K' ± = K'iy/Ji, v^A, v^, V^, V /2 (^+V / M 3 A)(v / ?±V^))- 
Applying 1 1 1 Lemma 1.3.2] yields that the Pj generate a rank 4 subgroup. □ 

Let r' automorphism of K' fixing Q(t) and mapping (£, A) «-> (y, p) (i.e., we are interchanging the role 
of the two-torsion points of both E and F). Set P/ = r(Pj). 

Lemma 5.10. 77ie points Pi, . . . , P4, P[, . . . , P4 generate a subgroup of rank 8 of A(K'). 

Proof. The points P[, . . . , P4 are defined over different fields (i.e., they are defined over K±(i) or _K±(i), 
but not over K± or K'±.) From 1 1 1 Lemma 1.3.2] it follows then that the rank of the subgroup generated 
by the S< is 8. □ 

Proposition 5.11. The sections of Tt' 2 associated to the points Pi, . . . P4, P[, . . .P4 0/ A generate a rank 8 
subgroup of MW(tt' 2 ). 

Proof. Let Ii' 2 : X 2 — * Pqj A)i1) ^ be the elliptic surface corresponding to A/K'. The points Pj,P/ 
define sections <Sj,«S^ of II2, which generate a rank 8 subgroup of MW(U 2 ). This implies that for a 
general specialization the specialized sections Si, S- generate a rank 8 subgroup of MW(ir 2 ). Since the 
intersection numbers are constant under deformation, it follows that if the Si, S| do not generate MW^), 
then tt' 2 has at least one reducible fiber. From |5 Theorem 4.3] it follows that then E and F are isomorphic, 
which contradicts our assumption at the beginning of this section. □ 

Corollary 5.12. The sections of -k' 2 associated to the points Pi, . . . , P4, P{, . . . , Pj generate a subgroup 
of finite index in MW^a) /MW(tt 2 ). 

Proof. This follows from the above Proposition together with the observation that the direct sum of MW(ir' 2 ) 
and MW(tt 2 ) generates a subgroup of finite index of MW(tt4). □ 

We will now take special values for A, (1, v, £ such that several sections are defined over Q. 

Corollary 5.13. For infinitely many pairs of elliptic curves (E, F) over Q, the group MWq(tt4,) has rank 
8 or 9. 

Proof. We have that rankMWQ(7r 4 ) = rankMWQ^) + rank MWq(tt' 2 ). From the results in 15. H and 
I5.2l we know that rank MWq(tt 2 ) is either 4 or 5. 

As mentioned in Section [2] one can prove that the rank over Q of tt' 2 is at most 4. To obtain rank 4 
it suffices to choose A, fi, v, £ such that Si,S 2 , S3 and S4 are defined over Q. In order to obtain this set 

A = I 2 , p — to 2 , v — n 2 , £ = k 2 , k 2 — n 2 = n 2 and m 2 — I 2 — l\. 
Then 

2(fc + n 2 )(m ± I), 2(m + h)(k ± n) 
have to be a non-zero square for all choices of ±. One easily computes that this occurs precisely when 

u 2 (p~l)(r 2 -l) 



hn 2 = 



4( /9 +l)r 2 



for some u S Q* and 



r 2 + l 2t p 2 + l 2p 
k = n 2 — -, n = n 2 — -, to = l 2 — -, 1 = 1% 



V " '*T 2 -V "' > 2 -l' p 2 

From these last equations we can obtain our original A, p, v, £. 
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The associated Legendre parameters are 



2T ^and' 2P 



i J Vp 2 + i, 

One easily finds p, r such that the corresponding j-invariants are different. □ 
For later use, we remark that A(E) / A(F) is a third power if and only if 

r(r 4 1) 
P(P 4 ~ 1) 

is a third power. A necessary condition for obtaining curves with different j-invariant is p ^ r. The only 
solution we found with these properties is (p, r) 6 {(2, 3), (3, 2)}. This gives rise to two curves having 
both Legendre parameter 25/9, hence does not give an interesting solution. 

5.5. 7T5 : X$ — > P 1 . An equation for ir$ is 

y 2 = a; 3 - 48acx + (A(F)t 5 + 864M + A(E)t- 5 ) 

Setting s = (t + a.i/t), with af = A(E)/ A(F), gives a rational elliptic surface ipi : Si — ► P 1 . 

We can now copy the strategy used for of tt 3 . We have that MW (775) / MW (tti) has rank 16, the 
MW{ipi) have rank 8, the intersection MW(ipi)f\MW(ipj) = {ao}, considered as subgroups of MW{ir$) 
and (MW(ipi) © MW{tpj)) n MW(iri) = {(r }. This combined with the fact that all the ipi are isomor- 
phic over if (£5) implies that it suffices to find sections of only one of the ipi. One can show that ipi is a 
rational elliptic surface with an additive fiber at t = 00. Hence we can apply Section|4]to find an expression 
for the sections of MW(-k^). In all choices for A, p, v, £ we tried the final resultant is a product of two 
polynomials of degree 120. (See |,3)) 

5.6. ttq : Xe — * P 1 . Since ttq is torsion-free we have that MW(tt3) © MW(ir' 3 ) is of finite index in 
MW(ttq), where Tr' 3 : X 3 — > P 1 is the twist of tt^ at and 00. 

The group MW(tt^) is described above. We discuss here how to find generators for MW(ir' 3 ). We 

rl : 

C : Z 3 + cZY 2 + dY 3 = X 3 + aXW + bW 3 



follow Kuwata |5 Section 5]. Kuwata observes that X 3 is birational over Q to the cubic surface in P 3 



and that the strict transforms of the 27 lines of C to X 3 generate MW(ir' 3 ). 

It has been known for a long time how to find the 27 lines on a cubic surface of the above form, see for 
example 1 10 1 . Due to our special situation we give a somewhat different approach to find all 27 lines. 

In our case C is isomorphic to 

(*) Z(Z - vY)[Z - £Y) = X(X - XW)(X - pW). 

One finds 9 lines defined over Q, namely the intersections of Z — aY = and X — j3W — 0, with 
a e {0, v. £} and (3 S {0, A, p}. We give now the equations for the strict transforms of these lines on X$: 

Lemma 5.14. Set 

( y-i t-v v\ 

A = (an) = 



p —A A 
\ A — p p — A p J 



Then 



^a u a 2 it 2 + -(aij + a 2l + a 3j + a 4j )t + 4:a 3j a 4j 



and 

y = Aa li a2i{a li + a 2i )t 3 + 8aua2i(a3j + a Aj )t 2 + 8a sj a4 j (a li + a 2i )t + 4a sj a 4j (a 3 j + a 4j ) 
for 1 < i, j • < 3 are sections ofix' 3 . 

Proof. This is a straightforward computation. See 1 3 1. □ 
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The usual strategy to find the other 18 lines is to take pencils of planes through the lines we found above. 
We choose a different strategy. The image of a section on X' 3 can be pulled back to a divisor on X$. We 
can take the push-forward to Y of this divisor and then push-forward in a natural way to P 1 x P 1 . We give 
6 divisors on P 1 x P 1 , such that the pull back of such a divisor to X$ consists of three components, and 
the 18 divisors obtained in this way correspond to the 18 lines on C. Consider P 1 x P 1 with projective 
coordinates X, W and Y, Z. Set 

Pi ■= [0,1], Pi ■= [A,1],P 3 := : = [0,1], Qi := h 1],Q 3 := [£,!]• 

Fix a permutation a e S3. Let C a C P 1 x P 1 be the (1, l)-curve going through (Pj, Q^u)). For example, 
Cid is given by 

G(X, Y, Z, W) := v£(\ - \i)XW + fi\(£ - v)WZ + (v\x - t]X)XZ = 0. 

We describe what the corresponding divisor on C is. This can be done by dehomogenizing first, say, 
we set W = Y = 1. Then we can express Z in terms of X. Substitute this expression for Z in (*). We 
obtain a rational expression in X (a quotient of a polynomial of degree 6 and a polynomial of degree 3). 
The numerator is zero if and only if X = 0, X — A, X — fi or X satisfies a degree 3 polynomial /. For 
example if a — id then 

^-0+ ^A(/i-A)^2(^_ 2 

are the zeroes of /. Let H be the hyperplane X = j k Y. Let W be G(X, Y, j k , 1) = 0. Then H n H ' 
is contained in C and defines a line l„j,. One can easily show that for all a 6 H one obtains three such 
hyperplanes, and that one obtains 18 lines in total. 

Remark 5.15. One can show that 6 of these 18 lines are defined over 

K(E[2],F[2],VA(E)/A(F)), 

and the 12 others over 

K(E[2],F[2],m, VA(E)/A(F)). 
Moreover, one shows easily that if one of the 18 lines is defined over K(E[2], F[2], ^3), then the quotient 
A (23) /A(F) is a third power K(E[2], F[2]). This contradicts the claim in Section 5], which states that 
all 27 lines are defined over K(E[2],F[2],fi 3 ). 

Remark 5.16. One can easily find elliptic curves 23, F over Q with complete two-torsion defined over Q 
such that A(23) /A(F) e Q* 3 : one needs to find solutions of 

A(A-/i)/i = r 3 ^-0e 
This defines a conic over Q(r, fi, £) containing the rational point A = and v = 0. Hence one can parame- 
terize this conic and find solution giving rise to elliptic curves. For example (A, fi, v, £, r) = (16, 1, 6, 1, 2) 
gives an example. 

Remark 5.17. Suppose one can find a solution in Q 3 of 

r{r A 1) 3 
P(P 4 1) 

satisfying the conditions mentioned at the end of 15 .41 Then we obtain examples such that rank MWq (tt6 ) 
is at least 6 and rank .MWq (^4) is at least 8, yielding that the rank of MM / q(7Ti 2 ) is at least 10. 
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